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la^Jae Averaging M^fiMQ^MM :^ri Appfop^^lH- 

In Part I of the present report the averaging Method of 

that this method has been rather extensively applied to stat- 

-ical -problems--,-es^peeiä-l-i-jr-^for'-ela-^AU-boäis.s, . C:UsuT.JcMsifrr,  

;.? 

^ 
£ 

-s 

plates, ähells, etc.),., In^thiä Part II o£ the report wei shall 

apply the .method to dynamical problemi.,. with special reference 
7 " - H_ ^  - '.     - • ••  - 

to certain types of vibration problemjä«,  ' 

The advantages of the method were also discussed in. sos.?-- 

detail in Part I, and it was pointed.out that the results ob*- 

tained from the application-of the method ..appear in the_ closed 

form of an equation, (or a system of equations)* This latter 

feature is of importance in that it readily allows a difecus- 

sion of the influence of the parameters involved0    "  ._'._-..„ 

7f7 

;« 

J 4f k 

For .conveniehce we shall repeat here  the technique of the 

method' in the form of what almost .may be-called a  •" recipe'% 

In terms of a dynamical problem the   " reöipe'* consists  of the 

twO; S 

Given 

ZL 
,,7 

'•- '==• Q 

<Fi 

w"' 

Wte*s 

•   Dynamical problems have hardly ever been attacked by this 
method before/* only* one effort in this'dlre.ption is found in the: 
literature 0    See,.   " Gn Qne^Term Approximations, of Forced Könhärmönic 
fibrätiöns " by Go :S.£hwe';sin'ger;  Journal of Applied •Mechanics.;. voi„  17'9 
June- .Ü^Ö*. pp,   --•---«---• -•  =- .:. ,a€ 

&• Ar- 

sv -/-äSS?*; -/ ^^^^f^i^^yawM^B^^'^-'j-P?^ '^ "''.' V-ywf^y^^e^T. 
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the solution"t0 be of the form 

ci;e2
:)       f &> = ^\M + %iiü4+-':^-*<yJ 

where the   _>*/<;    are a given, set of functions-,  properly 

Ghöseii-j  and the coefficients7  OjK   are to fee determined« 

me  '' •ßäÄtn'"a^^toä'>i^_ljc.;tihiut. one An. whichithe!- 

coefficients      Q.K        are determined from the set Qf 

equations;   .      ,-"r  8 ' " -".•-."".... 

(1.3) J&ffigfymA'ao' 

In 

matiöns' 

:Cl42ä\): 

are fixed values,, 

thisVPart II we shall be dealing chiefly with approsi- 

which consist of a single-term onlyf is.e„ 

'0 - a^re 

The single eoefficien-t GO -,y then,, is to be determined from the 

condition    =_ • "••;    '-...,:•-.,--.•,•.*. 
A 

_Z 
/ £t&%rf*$f$?t®&£. *Ö     '-. * I 

^1 

->     "irr 

5<r -"'. %& 

L*&-<--     SI 

(1.3a) 

Inasmuch ::&$!- this -"Fart II- of  the  £epprt will deai. with i ~~- 

osclliations.,. it Will be 'appropriate to dhpöse the" 

coordinate function   y,     to be either,   cos Z~       or     vn >    where 

f5 i^ötes""the pr^oiüJct: of= •some frequency wlftbr%e^5M~~z >•"*""" 

In some eases,,-M©w^^ tP 

be chosen.-a-S" - oasfö-ty       which in turn is e^Ui^alent tö 

. >./......  

..ssv»*.-. -» .-,Ä.-... 
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•• .jf. fh3 equations from which-'the. cösfiieieäts ..  and — 

be- determinöd-ä-re,then* 

rs 

'*$ i 

• «! 

.;A-.ia 

Because of the equivalence of (le2b) to the expression 

Cccx(t-a)  we shall continue to speak of a « single term ai 

_^ ,i-Jc„. *,uÄ«^ ««.«.*.» «,K«-»»O the-two--eoopdin&t«„functions &as._.?*; 

and sin tr  jäppear (but poth of the same frequehcy)., 

2,  Systems. Treated in Part _Ile 

First, in Chapter B, the Averaging Method will be applied 

<f\ 

to cases where exact solutions are aYailab?e.;»  ^ "**" ^ °"t; 

This will allow a comparison between the exact values and those 
vffinished by the approximate method. •-.;..-.-. •:* 

Tf^re are two classes of systems, and motions,, ffcf' which 

exact solutions can be founds' First, the undamped vibrations 

of~sV eiims^whoie^reliöri^^öii^l^depenC ^üpon "Tpölef,; "ör-anpolgp 
r- 

•nomialj  of the dis-placsmsnt  jj3se eqs,   — »?,- >•   oV a.ftä••-fU.-'.'snVL*-thes& --  ^ ...... y,    ,. 

3f - 

pft/afe 

...<i>w!K5Ti^a»!!».-::«^^?=rl!*s'8* 
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the^lärge^ariet|; of systems foi^whieh the^ plot of the. restoring- g| 

force versus the displacement  (the so-called  " characteristic |f; 

line" ) is composed-of straight, line segments  (see Figs. 7/1 jijj 
-*<*-:   

^9. V-r.:..,-.: :   and 8/132  these.äfie .treatedihDivVh» 
i' ) •TH"-   '   ~: """   •"'• - '      '   •--•-------••-'---•"     >: — -•-•  • —;- " • -." --" -_ •   .-• - -  [5 

Ü Fo" "both classes,, we will show explicitly how the exact £ 

Q äsQjjjfcJitaa ^jobtaineä,    Then we ^Lffi^lJSSi^LSlB^ 

ffi 

to produce ^ne approxxma-ce .5OJ.I*IU.öII,.-U»J:«B. <* ol"6ii-u - •>•* ***? «^ »^ 

ÜXieiZ   we   WJ-iJL   wwmjacii ^J    uf*y   *w»,«**««»•       ••- ^—  -- __ -     . g^ 

imate results are in very good agreement with the exact one«, 

^-r^r-   ~^~ Äögt Qases.^ and ^t^hT^eviatlians -^icff^ST^isrjesKrw--—       =f 

readily explained. It will he. obvious that the. approximate^ 

results are obtained much easier than are the exact onas*  . 

In Chapter"C we consider a oase for which no exac': solution 

is known; in particular, we deal with the forced vibrations of a 

_ ^_j. ^_..J  „•v4*«»»w •»co-t-rtT.-jwe fV»»es- »hd an arbitrary-damping syss,i»em ^UüVitiig au (up±»rd±y IV.BUUI.•.*,>.{-,—*•><-'•'-- __,*_. — -- ?   -  — 

force :[see? e.g., eq0, Ü2..1)3 . The sqlutdo* by the Averaging 

Method for this very important and-general'system la"given in a 

closed form which makes it most valuable^ It is hoped that the 

~->'-j 
„\sSiA 

#3 

• v'% 

4.i»»-w.w       4-VY     -Q      - E 
      -• B 

A IS'   -' " r"        ".discussion^ of the results "and e specifally-.Tof ' the response iswv«* 
.__ I 

-<ampliiu(ie~fr^ '.& ~ WlTOejcontribti^ - 

tion to the knowledge of the behavior of such, systems:. 

ÄjH The discussion of" the response curves of this system will 

.center about the   " resonance amplitude" and about certain curves 

..whlGl!..!,^ 
•B 

inm-iJ^^I ^_ /.«•' 

t^ass. aaggs—-—-- 
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points for either stähle or unstable motion*" A Very simple stabil: 

_J>'*I •**• - J_I_ — ^J-_ *i_*i .a — %~ H 1_       Jl ; criterion will tuen De öötabiisii6u9  Birc ius» jJroQf-and disuupffliösr 

öf the details of the stability problems will be deferred to Part 

-"T'T5-^ -""v>i'-?*EA 4Wä "'WAVi^^»*» 

Finally, Chapter D~ deals with a few cases Which are intended 

to indicate examples ©f further applications of the method« 

3o  Aclmowlejigmj3hts_  

id 

* 

,i 

Burin1*- the course-^Gf the worl£"relating to the •"robiems treated 

.in.this, part pf th&= report, th^^^ -:. 

a number of collaborators.« Most;7 val.iiable were the contributions 

of two öf thems Mr«. H«, Norman Abramsor. contributed especially 

to discussion of the response curves and to the preparation of 

3 _ TTV tcr -W •»*— j.s—Ä 
V"*'- ^w^--^.4=-    - -i»•-^ *-_11s it--:  -a-i•     >^A    i.i_ -~     —.«.- 
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meri-eal resultsi^cjontained-herein»  either-by direct evaluation of 
v'-Tgl 

5-;-&ii.' 

:y. nctrr 

the respective formulae or by supervising the computing staff", 

and by pre paring; the figureio  ..-::..-_..      .'_"_..      _   ;r 
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kT^^i 
,S :_ ..    .....     B.  TOMMPSl) VIBRATIOHa IN SYSTEMS ÜSHEBE E^CS __,    .  _ j 
r»'  ~   

SOLUTIONS ABE AVAtliABIE FOR COMPARISON: 

i^S3_ 
-•->—5^3 

i^jM:- 

iL..   The jte*Wii*ip^ 

It is well known that the.solution of %e differential eW 
l) 

.LPV -i 

t^ol)   "- "'    f^""    ^f/" 

tf 
can he exnre^sedin the fom of:^ 

^,^ ^ *-. • .r'k-.iury.md.A^:   Nevertheless, we repeat here 

the"«beps' which "lead" to . jEEöse* TBSUTGS'."" 

« 

• &* ^     --   •-  J.        ^ 4-V>ö ('•ifffii<en*'^;|  ««nation CM--!) iV-M .**,>.,.«     *>J- -?a    orsV>3 vn I.QTVG   t©        *©, «    tile   Glllery«»*^-   --i,r-r —"- _• 
.-';-., M ' ----- -        '   •      "      : - - . .--... 

3-> For convenience  a,  is considered to he a dimensionless 
ä-M*-V- '*" 

C4 MXAAA **•*'. VV 

BSpr.~"*:3S • 

#•- 

•: 3j«ftr?r---J3' 

^.•Macay&r isii^.-gsg..- 

fe-3'. 
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.. . •„.This: 4XZ£ß£m&&£* aquation is ^ pf f irgt oy^ar with ^ 

as the dependent variable and |> as the independent variable. 

Its integral is. __„._.....,   Q,    ..,- '   ^^. . _-.. 

A 
i^ 
•'.' a 

Where    ^     denotes' the dis-piacement^when '*"«?<>•*' From this 

we- Qiitaia._.ll.it:,: 

P 

(*f.3> 
•vli. 

|W       =        K^ -J / f^r) CL . 
—»    —_- 

n* - 
t: 

"  ft 
• .    K. 

~ Now,9 upon replacing, or by yf Z ^^^^"w^^ arga^-n" 

a first -.order differential Equation (_$_ is no^the dependent 

variable and * is•' the independent variable). The variables: 
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If the restoring force is ah odd function of the displacement.,., 
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©or tooth classes f we »ill show explicitly how the exaet 

''^^^^&M'^e'-'&^^WS^'^£B!^-iie- will use the Aver aging-Method — ^— - 

to produce the approximate solution, using a single term, and 

then we will compare the results. We shall see that theapprox- 
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a.       The'Restoring Force Depends ütiön Pure.Powers'ör Upon 

The Exact Solu-tic 

..sL:) Senegal .E&presisdons 
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can be expressed In the form of quadratures= The results are 

given in Eos. frM' )and(W7), Nevertheless; we repeat here 

the steps which lead to those results. 
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as the dependent variable and fy     as the independent variable, 
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These equations contain the quantity ^//«> , as given toy eq< 

0+ol2), whose numerical value may be aetermined by numerical 

integration for" particular, values of Y\      „ .& special cases 

th© expression reduces to certain values of known functions. 
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If H  is an integer greater than 3V or if ??  is not an 

integer, the Integral in (U-, 12) must be evaluated numerically« 

However, öno must note that the integraXis an improper ones 

therefore,^the usual methods of"numerical integration mä^re.qUi"r% 

rule can be employed for evaluating this improper integral«, 
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We may apply the procedures given in the preceding section    __    '* 

net-only to the ease'öf p-ar©-pQwsTa:_hut.^ls.o those, cases: t^6$e^_ v_;/- ; 

we „dealwim polynomials ±n_ J<^    *    Therefore, ,*we have a second ';        I 

broad class of systems for which eacaot solutions may be found« j 

JLiJt ipeiiSr" gj^uu^ai ,    w>> 

generalization will then be obvious» We assume 

Ä-B 
-il. _/3L^._x^____ _:^_^ ^_^2?L 

Iä 

is 

. B>2i; fcW  = -?;; **£$---------;--.&>»"#.&.-.,•--.-.—— ."•„„-- -." • 

-   ;-.._- ;• _ "- "-" • -_  .-.-.-"-    -'-.      r      "•'-       "n ""'      ""*   "  •- 
and again consider only odd fuhctions  j^ee   (^»5)|V   P® Expression 

for F/^)        then becomes -: , 

yl'.    M\ 
W^ X   I £,     -        -—   ^ - ,^fej 

•u^-i'/--  — >- 

Tfai'-.="-jL--*,     '-+    1Ä- -9    '   - 

jfe-l-,- -ü, •- 3?li_«u  
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or5 corresponding to t^.llby 
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-  -   ü«i 
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(W23b) •*    i _: 
>•?. 

i 
J^.%. 

'm 

'tfi(^{^ &'&£*•]- 

where yl (C?)   is defined by 

3Htf*r> 
TW*-/     ^ 

:*"'IJ 
-'-CT 

iT-fl 

«%<«.«s**?*.>\Vv^ -safca l&gaim, we "may use ^— ip re-presea-u- WB -O-AJUOOB*«.» ,,*-JU^.. 

the braces of $f*23b)9 in this case %t       will,, of course, 

not only upon %       5 but also upon i»  and JL   ;, 

^s- ly 

  LLii^^A^ 

the latter quantity* according: to (Ve 2
1*)•,; contains the maximum 

':ö^plä:ceffi@nt \ Q   «, ; ~_^_" "~;"'_' -;;. ;-..'._ " . ; -"-' ". --y"~  ~:;\ ----y y. y^ 7^17 ."' T 

The equation C^*23b> may be evaluated by means pf-elliptic 

integrals if, neither-- ^  nor ._ n  ... exceeds 3*. ;r M. m; es^??!? ?. ^® * 

3t5"r- 

• •-  oC      _ 

-;i5 

ttef 
a^-^_ - ~     i 
"*-; -^sS^S? » to ^E^^-ii 
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....     ...,...;„..   .        ,.._,.; 

3*r\jrat\    » -='•;—^-if'- •*   t'*-SJ''Wl 
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_--' .*-  Incase the exponent in is gfeäteF than. 3^PÄ^^ 

(^.23) may^e. evaluated^ as feeföiö:;. ^-applying Simpson« s rutLe. 

As the procedure is. not #ifficiilt it may pe sufficient hörs ;to 

note only the result j corresponding, to (**•o20)j 5 -._"•-. 
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Xn acG,ördanc~S. with"'the"di'sTCüss"ion ipx se'ction." i 

^f&jg—aaal^feA nri-jgj 1A^hftl±aicfl.^, ifcsjJba^La a.e;_XjL~.:?aJ 1 ^ 

as-stimed rorm 

(5.3[) =• ^ cos t s   a)<£ 

Introducing- this, assumed solution into, tkö differehtiq.! " 

equation (5.I), with f^.) given fey 0.2a), we obtain from 

F/94 is Odd (1.3a) and considering that 

----S3"- 

ig 
J3_ 

-/-f    J.-V 
V/oT / A w1"*?-«^ 2r  +,x Q CäJ     rj 

te From this equation we derive the relation 

•9. 
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(5.5) Q 
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2- 'S 
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. \ 13 - 

V   53 
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o 

wlgfl ;; ffijfo)'  demotes 

V?M 

It.   %     is, an odd,integer we .may express   Cfifäi-as 

Sir"- p- 

!>' 

if     Tl      is an even integer 

(5,6b) 

lot"! 
ifgj'ft55 

Ja-&,-> 

FW\-W: ' 
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/3 .>,, Polynomials of the Displacement. 

- -Again- we -sons-id«.?—the~equation ö-fmotion to..-be. glyen-by 

(5ol")o In this seiet ion we designate the restoring force as 

^3u?l £ >» \d^l 
_äü=i~~. 

ör9 for positive values of _ %-  , 

; b;yj 

(5>7a;     tW=   f    +^$ 

;i 

Corresponding to ö9ff) for pure power-s., we: now have 

Therefore, as the final expression we obtaift 

y -in < 

(?.** 
«> 

which is, of course„ ä generalization of (TÖ5)* 

PK-S^Sh— '2- •-**—.• 
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if - "71 =1*=--i- this equa'ti'öa-?e.d?äGr& to 
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C?.9a) 
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W~/ 
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and if we take,, äs examples.,, *?*> ?3*; and . T-n'^-we obtain 
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^- — ---2 

TJ^I 
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and 

C5o$c) £ = ' *-T/t* 
* 

K 

;-;->-1 

might draw attention here to the very concise fprm of 

the results which the Averaging Method furnishes.,' as compared 

with exact.r or::" nearly Jsmst'V results of section hi 

•; • -• y 
my- a. 

« 
S.-j °^~- — 
13.- *i- 
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ii, 

L  .Jt: is;nW difrfiquit^7iö extend the|ö results fgr a jtwö t|rm 

polynomial to expressions involving more than two terms. Let 

us^ as SiUme .that» instead of e^q, {%!%)...we have;_        - 

l5Äiöl Van %    I 

Following, through the same procedure as before,, we may obtai 
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We.. therefore obtain, from C^ll)^ 

X5,3^1 
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K 
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x^ 41 
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6,«.». .Comparisons^   :;;._._" 

The: results of the exact,,, or- "nearly exact", analyses have" 

been given in section if,, and in section.5" we/h^.V given the re- 

sults obtained from„the application ^r ^t|ie Av^rstging Method.— —--• 

When comparing these, results,/however," we. must Seep ohe point lxT~ 

mindS the factor Q ^ in the exact formulae, denotes the maximum 

displacement: if or, §^o •"7 7 •) ,A wpieas. inT .the approximate, f opi^Xae 

Q ' denotes the amplitude of the assumed harmonic solution«,. 

If the. restoring force is expressed as a pufe. power of the 

displaeemerit^ the frequehcy^amplitude relationship is given 

14'- I 

.5-. ia. 
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- ---. m 
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^ XM^ 

in the exäc-t case~, and of (5,5), 

JE 
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r0 "rr~j_ 
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fi." <K- 

*T_v 

in, "en©, approximate case. 
.r -Si 

cases are strikingly similars Q appeals in.eictoj raised to 

the sam^ iower ^ and is multiplied in each case fey a numerical 

constant» The numerical coefficients,  Xfa) fo3? tne exact 
«r~ a 

^ ^*—ö.r>^'. 

per* 

•7&t&L -•Pra^i. rfcfaö^öÄTananiicSl-maltei jGäs;e- are ^ÜÖ-tbu 

Table 1,    Also shown there is the ratio 
cpfa) 

error it- r&oi 

shpwh?'graphically py  the curves of fig.« 

JXM_ and 

The same results are 

X\  A5   w,Oir:iiii: iiO wj.iig   XAS5X-S3    üii-Ä-V   •"•'~'-J-' F?p   — V"7    -vry y - "*»~ 

error does not exceed 1,%. for "#%•) = a    it £emains, within 

WlZand even fö?";sueh an extreme . nonlinear-ity as :?5 
the error is. notgreater thaii 2l%a    The curves in flg. 6/2 show 

general shape of the relations C6.1.) and (6.„.2); the: numerical: 

values correspond to eq« (6el)> The curves corre;spending to (6.2) 

'.ould show the same "general behavior hut with slightiy different 

numerical. 'value.Sd -'" - -. - '•";i * -'- • • •• -.'- —r^-—^-:.-"—^-r—• _--- -^--*-;- 

fhe agreement between, exact (or "r nearly exact'» ) and $J>- " 

proximate values Is even better for polynomials,-in 
i  - 

. ,*r„ ,JF,„ 
iw^^^s^fas^WKEPKa 

..T"SS,UV-  "•-.'—.  fcä-. «^ -t.t.i. " 
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The approximate solution fas expressed by (5.9h)j gives 

tu 

•K 
r*.f/L*. 
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*' 7 u 
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Oil 
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ror the exact solutions we snist empiay 0q,.   ^"»2/")."   If «e cApäiiu 

the expression     ^:i\^'       » which appears 

of     "X   ! and retain, only the ^uardtaiAg, terms^ we  fi 

!?}«  in powers 

•PA «i3 

1. 

13 

and,  there fore 

L:j. 

4.M: .= :..•/ > rsr K 

«'; 

.fr" J. 1 

Introducing into this the notation of (1+«.27) we have 

.4 

.M * , 

so ttiat finally ^e d.*   C^?2T>,, fives 

AO .-40,. 

*5 .4. 

/See,. Jahnke.Emde., Tables of Functions with 
and Curves 5 Dover Publications^, 19^3.9: P~ 7% 
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When we note^ from eq« (^.f:!?), that 

0 = ju.Q 

tit 

V- •_ 
Ü 

A. 

». 
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r-§-- 

we see that this result agrees exactly with the approximate one 

.41L9&I^._ ______ _,_ ^.___^;__r_j_^_____,^^i;„^j;  . _______:_ 

b»  The .Chara.ct:efist"i'c Line is Composed .of Straight. Idne ..Segments, 

7V Exact Solutions for. Forced "vibrations; . Seneral Expressions.. 

As was indicated earlier, another bröad_class .of' systems j£ör r~~I 

which exact-solutions maybe obtained .are those whose character- 

istic line (,!.,&., the plot of restoring^force versus displace«* 
j___ 

I ment) is, composed of segments of straight lines. "We will" restrict 

the analysis to those characteris tic lines which have[-hot more 

than- two-different slopesr, Again we will" assume that the restoring 

force R(f)   is an odd function of the displacement |j- - l  i.e«,., 

0 ;-V^„ ^4ELa-V, 
V; * *4-7 

_J5._A_^_X -CL Z_A,. 
:jZ:t%&2 ^üZ: z'-zz J:XJ^JLC; . 

We can obtain exact solutions for the forced vibrations as 

—>i n    —~    •&*•*.   4^1—    .*>» 1~«~ J-4   Ä—„ no±i   aö:   j.iji'L'iiö   ijL"öc   Viüi'äwi.uui? . wcCatl-Sp   •tVi-lS   uii4.Orential-eqUciijj.pIi5. 

are linear in their respective range.. We will treat the forced 

vibrations- first-.    • •    -   "-' -    -       --"'*' --• r " 

The "differential equations for. the forced vibrations of & 

sys tern- E^TngfTne^^a^ 

-•--«»iM^-iiwJtswc'i^wa •vqzs*S9t^,?Xii&i»&a*m&&ttzGi 
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(for positive values, of-%> — ........ . - - - -  *—-_.._  ....—- 

sääq 

The upper alga* en the right hand sidsr cörrespoiaäs  tö a force 

, yhiCh is  y in phase" with the displacementJ*hlle  the lowey one 

S . ..    rttKä, force   "opposite" in phase   [seifig, 7/2).   -Thus we are al- 

3Low-ea  uo awai;. ».*«* p«oxuj.«s   ^är-tu.«* w      #      ——*•,, - 
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the following notation rill he employeds 

ar^u 

&*W*^•i-; 

Unless  Ä  coincides with^ either ^, or c*^ , the Solu- 

tions  -.ä*  and. öf* , which belong to the corresponding equa- 

a-"./ '=•'. Q J4*'t     ?    A, cos, &f£  . -; ^%^  ' 
i 

/^l+Y 
.fftll'-lA'^i- :+'4^£i^3tXS 

.where ., A,,_.,,. -A/., , ^»"ää* ,.j^;-;|re 

tfrsi — ys?--yijS.o.5^x;UUM5U    W/      U*^^?    •%•#*-»- H*»r* --Y >—•- — , 

regions),? and  Q(' ,,."" \  , and   ^  a^ constants tobe ^ 

. de^exmihed from the differential-equations themselves.«, These 

^ aST- 
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last three constants oaaiutj sbro-fnto be -- -fell 
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Aa tp_ the initial conditions, we assume  tiiiäfr the zeros ef fee 

.is 

motionand of the driving force coincide, The instant at which. 

Q.   passes from the region   |._ < 4 W the region  "£?J£_ 
_    _: _" " •""-" .  —,.'-—•-1. '". _L. ^i -^... ^ -(n'.r-^. 
will fee"inaleatedW 

C 

z#'"  -n iiiei'eiüx'c, _fL 

dicaies the instant at.which      $.      .again passes 1#e     ^    line* 

In view or  i»ne preceding si»a,uo4upiiss .»»« «VJ  ..*— ~~   ^—r  ~. ~~ 

IP 
' v 

conditions which the motion must satisfy: 

stm 
M_=~ 
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& A^.* and 
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i Mit SA*— • mSii.- 
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From C7,6a) it follows that " A,, =o/ ; eq, (7.;6^) 8ives ^ 

in terms of %   ; eqs* (7.6c) ^d (7.6e),give ^ and/ \ 

*^m-^wa^^!aV'^^^^rt>x rr*i«w^S55j" 
••""i     -A«Mc<»fg-J«o»' 
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in terms of  t  s therefore, if we now substitute these values 

into.-so.. X7*6dl Jra. mill obtain the following, (transcendental.) 

equation for £, 

" -- «t 
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where the following notation is use.d-8 

if' • 4l-v 

-4  „S'l 
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(7.8) 
-a ,. 

1__„. 4*4 -•*. -* #J 

—  the upper sign in eq«  (7»7) öör'remends to the driving force 

JL P ^JUr Qjfc        „  and, the lower sign corresponds %Q >_P,^ &£•/--, 

fe'thermore f the. frequency Jratios are related by the equation 

3,  S —JUT 

After having solved the tr^nsce-ndentäl equation (7.7) for _J. 

we may .write th£ results in the fallowing f prin^ 

(7o9) 
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•Now we must deal, with, the two special, cases which were ex- 

,elmded„is - the. »rialxsls.-. :ab.gv ej -i«««•:»;<#• fJ^tJr 3. * t»s 
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Procee .in a similar manner for the. ease    ^ - <~&      5 

^^-h^^^ia^Bi^nd^-oiL^ejis^XZp^ .must .be._T6fc 

or 
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;,. let üs look at a. set of. thirteen; figures_Xll/2a through 

i) which give the displacement -time curves for the forced 

vibrations, -These diagrams refer to'five different systems whose 

^haractefistie lines are sketched oh & respective fi&ur&s^.^ 

3?he diagrams numbB?ed a, fcj c,-Ä each sels (1,®» for each-system,) 

„^^Ai^-h^guJLshed. by the values, of the frequency ratio  %^0]L %Ji 

the values have been chosen as. 1/2, 1, and 2 wherever, feasible. 

In each diäiram there appears a family of curves with ~A,  cor- —* * 

as a parameter| this parameter assumes the values 1, 2, 5 wher«, 
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jaxpe atejt, £eattires„lasyiaptotic tangebts,^gtCeJt and,  therefore,  do 

not require special discussioni: except,  perhaps fo¥fifsriti/10 

ting value of the parameter      £s     for curves approaching_th«—, 
j£A 

line jL -  / from the; left,, or right, side is  4* ^ *r in koth 

cases° this may be eäs±Ly derivacL from the peJ^tiÄe^^ejiua,"bic^4t._; 

In additionj fig,* li/£g j^i^.«s-- the family pf_res|pnse cWves 

for a system in which the7 characteristic linerhas Jfchree different 

slopes. The abscissas for the breaks in the slopes are ^ =7 

fr£   -   ••'--•-.-•-.   • -   -,, 

•- ?>•••- rl __^  . Jt - = --Ä -=-2>--• — - and----£ a--?*'-»-A-----  «,- Since the .pertinent. 

pf7" I equations are derived according ;to patterns which we have already 

~k  ,««^^^;^„__«^.fiL^Ä!x^  •.. -.':.'  -.   -_. 

£ 

-  —         • .yvu. V V U'  WAV   t-H_?  >HAyy.v yw-^.g,     «•.***•' ,-,*..-W— —^ — ^  - -_- —   ^ - ___        , _, . ___  _^_ 

In all cases we find that the features of the response 

^    -------     - -     -.      ------- 
V-|    ..   _ .-._-    tool for obtaining the equations which describe theiii« 

:--:v 
J 

"-1 
r 

Finally,  figs / 11/13 and 11/14- provide  some spe< 

mätion-rejgarding the system shown in fig*  $/ld0    In fige  il/3i3 
ff« -   £]       o 

a few, displacement'?time:, gjurvejS^gQXL ^".P.?ceg:j^AMg.'^Pgg a^e l^1^—1!" 

as obtained from thö exact /solution (8.l5)8    Figo  11/I1* deal 

t? •: I'-2? •:   -fi 
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wJL-thJbfeQ -ft**^vjLbBatjLpn-d_,of the :g^gjJL^s.^eJ!^.5^^^^^^*^f.- 

how the l* backbone" curve    tends  toward the horizontal when 

if ~ ~ ~ increases" - i*e..  the system approaches unaS of the type 

shown in figc  8/ld..    Eqe .(16.110 describes these1 c^-^s_. 

•3 

is 

r*. au.l:~' j.iü.•'.!g,>»"'wi'',.'!'a»g 
it,. ,,:.„-q.a ,„•, 
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i^säes 7Tt!T*T^f*intf««fwim-,& iii«ntiiuuv»"*MWrtl^'* 

f< 

*«»*•*«* -E0Re&BH'iEBBA-T^^^ 

.EESTÖRMG Affl) DAMPIM-.FQRGES      .....      .. 
i 

12^    General Cases    Aissiitude and Phase Angles 
«_~    -3 ^-^^. : in ;jcne- preaeaxng  ciiapugr we  ^rea-v^u; sy^u^m»:-xiavuiag „unxoi:--, 

ential equations  for which;. we. couid~oDtain exacc \or   ••• nsarxy 

exact" ) solutions'§, howevsrjWe are even more interested in 

applying the Averaging Method to those systems whose differential 

equations cannot be  treated readily by Other means«    'She proto- 

type  of -sürcfcns, system „is the  single degree :of freedom :sy stem 
:^JL 

differential equation of motion of such a, system maybe written 

as - ." '"~ "\ -   • ' " 

V. "I ^^M^^^^-f^ ,^a_JL_, .___-,. 

K3fs.,C3 
Tgg: -> n b, r   I',-. 1 

H**„J .. f 
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Here again- 

s 

- denotes -the- dependent eoordi&sts- the- co@f;~ 

•4?« ,.    b 9  and      c are ehösieh so äs  to make ea< 

term have  the  dlmeiisioiiOf a fore«"! Where 

VIWl A-l* d-m, 
% 

&mr[_.. 

P  denotes the amplitude9-£^ the frequency of the drlying 

.. f,oroeo -XI&Jääy. be._weJLl. tQj.keml,iri,Miad- that the. importa-nc,& 

of the differential equation \±2oif  Is» not the same- In the 

nön-lihear case äs. In th§ linear Qhe0 In the latter case tne 

^•-»p^w-pMaaaafaEt-*^: 
ÄSäK#w-»M*w»H» 

toa.HS-^^r^^,^ y^-frr- .-^ 
„•*  ... ., r.^-JTfA.f.^.uiÄAtf 

=*~H<    5« i£ ••;»' >*. -*« 
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dgi^ihg^force jaay_be supposed to "b_«t a harmonic component of any 

periodic force 9 thus leading, to the corresponding term in the 

r« 

/»--••I 

L^l, 

;g motion,, j 

The functions cjj. in the damping force term and ffp  *h 

th-fl- Bostoring force term are arbitrary functions^ and shall "fee 

^«^9^4:^4 -onl^-t© -the^Äe.sjtr.icition^j^JbeJ^ng^ öJ4: functions of^ 

their respective arguments§        • -~       -- 

r? ; 

n 
i 

uih-i^.- mQ0.^^4^.^.«tw.u<!»^oftl-.feft». rjonogsarilv mean that terms with even 

powers of the" arguments are now allowed; if we insist only 

upon a change of . sign whan the sys tern pas se s thröugh zero argu- 

ment, then such terms may l>e admitted« For instimeo. 

il#^2a >) 

Before proceeding to a treatment of the differential eqüä- 

-tioji-i.JL"2-«TJ./.-le:c us i.irsu wrii»e A*? A** a s.i..«.g«.yA2/ a.iir-o.iv-j-y^ 

-by dividing through by -the. factor •' a,•  t • -*•_-    . 

(12e3) f + *S£)*c 
;2 *- ."Tmj   - /& <^s r ^ ^ 

mzr'?^- 

If 4;f 
i'   %£    - 

S-ÄSSäR^B*5,*g5^S. 

--.'» -'.._äJ; •--ÄssiiSU 
Ma^BWW;sWill'lifl"fl''''~J''lJl'l.r-^-.lJ?'.'*'',',/''T'.?J?.,''.lST^ 

iwssBasswaraasEai 

"^..  •*%*"    V 
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£? = At 

^«^^iR^fniy:i-ozi^giLtb.^whigk B&. shall 

Weassnamöthe. soliitisn_ to be: JipproxSniateGl by 
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I   With   the-nrtn^i-tl riw   / T-3-0 vT        &»?-+IIA«-««-T-I ..^J. .-,»-,   *-—^^_€ 

we.  obtain the following two; equations? 

_*_ /  .. ^   _        _^ _     //  _ A_i.       . . 
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(12^) qfiLQ ' s/V <yj SM ö^   o/e^ 

7! £ 

x«9:f)- 
Cs^Q^siin <r] s*« s^ <$£ 

a 
:.,3 and we note thats  since 

(12O8C) -s-.-s    '£-£ 

we may 

iß* 

/   fff^^^'^J &*- £ Ä    ^  G&r&ij-ftk 9S -QS>B' &S*#- ji5"    ®^* 

sfl* 

S*— tlffr6^ 

-fTg   r>1r 

«i.     ä**A ä  /:/ /y°* ^««   «M'\V " ^.i.•£• ^*&     r-J^T* 

i =«&- f.* 

£f>* 

n %stm ?£Häfc£3 *'« <r 

\2fr Äf>- 

f{^Qsm(t^\^'i^t^ -=s   C&$ £ /sjfSkQ -sin <?§•****£_ 

WKäKSES^. 
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From the foregoing, and with the further notation 

Li — _ 
71 %1Z,J.Q^ 
a. ?"s 

JOL. &,  -=- £ 
K1 K* 

•^ 

S4 

mav finally write the two Ritz conditions (12.?) as 

r ]. 
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if 

Ji n 1 

i«;a £12*3 
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.^3L?LC/ä.ä__.—.2?£M?~ &&S- ^^hjF^ß^S     ;;^-i2^ » 
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id .'fi 

alia _••- 

^or:^  in "an Squiwleht form, 

I 
I? 
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RLfeaUJ 

NL JE! 

f l2el-2äe-X 
L Lfc/JÄöbi J:^JI:£/*5:X : 

i ^j 

• ,JL<£;VS /J?L-. 3  J&  s/w £ 

rlf. ?' 
f HI 

•KM".   SRI 

From these ^last two equations we may obtain independent 

expressions for     Q      arid    £    t 

•*.JU^ ,»«l>^i- a&K. r"? 
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Those equations give us th4 "amplitude 0 IM the phase angle 

<£ 5 for the general case of arbitrary restoring and damping 

forces? in a very ööhclse for-*       .     , 

•j;,r> ^--a 

^±^- 

. «a 

*S J 

V$ 

i~'s uxxuaiüpgu oys-ygfflsg - aeSponse: uurves~ 

From" the general results  (12*13) it is very easy to * 

a number of special; cases«.    In the present section ?  and the 

one following,, we shall do so in order  Co give some idea of 

the abundance of information which these equations contain«. 

If damping föroej are absent,  i.e.«,,    b.=P (or    B - Q_X 

^v?e^may wrim immeQäätejty j_fröm~(12sl2| 
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FT 
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-M 

iJ.3L.x-* 
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,f 

&&.." 

where tha~ "upper sign correspond« to     £ -©    and the  lower to C-Tf 

Thiä equation describes a family of respoiis& curves -  in an 

)litude«f frequency diagräm ( <?"V")* with   /d    (a measure of the 

intehs^tyvQ£_^hj_drlyfeg force).as a parameter»   :These curves\ 

lie to either side  (at equal values  of    J~    ) of a particular 

«*urve -ImowB as the  M backbone« curvee    0!his  " ba^boae" curve 

represents the free  ( 4Ä<5) undamped vibrations of the system 

and has the simple amplitude-frequency relationship 

€13O2)^ ^^£^J=L^ 

Jhs response curves lying to the side of the "backbone" for 

tiler values öf y--gb with £=£> •'those lying to the side 

..i^^'- ..-sv-.,. 

*'jSHiffliiS&»»***^«<ivw<v-iw^^ *»ms»B»<V.*^3BÄi!*SE5SJt.Ccw^^ 3??siff*ngi«aia^^ - 
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—~WD*MM«,14, 
"•—r*. T*-B~*#tPoa«»fci 
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a 

_   fir - TöäT'Jg^ger values of   y*  go.with   is 

As ama.tter of course we note that the .linear case is included 

in the foregoing results: :F0r     ft$}}f    \th6 function     *«>    is 

simply    unity,  and,   therefore,  ecu   (15a) yield*  the;well known 
result~-----'-^  

• la) 
c^- 

Eq.   (läia) furthermore may be interpreted äs describihf an 

e-qulvaltet:Wnter »rtoNq; eoefficie^.,- t;    ..„*hieh ls *ha 

-.5 
„Is,        •£ 

H5 

coefficient of tte displaceAenS     jTä- a lineal differential 

•W^Äa^^W.W^TS^wuw' • * ^of^e'non^Xtneä? 
vibration (of antpiftude   4 ), so that 

-- SM 

£   •= et. 

eq„o   (13* 23 stätes 
&B- 

Ü^SbV 

v- ^ 

or;,, at tiTSlieatdiÖÜ  wi HVi. 
• S •-' 

Ä e~nm . / 

eqüivaleht ^Linear r^toring ^f^e^ent'', A^SäHä.': 

°^ QOUräe'  Qn *" W4tl3*V * • fo a way vlesc^ihed M JlX^il 
i-or a "more[ elahorateve^ampie, we now treat what will be 

called--the---W-.mrs<Bo-i.-wsr-a-Äii--~ •^w*-^^-..—*.^---«*.--   - -- ,----•----.<-•——«---— ..---. 
• r--   ._ ~^-     "~vv"    s   ^iJ-0  system has a restoring force 

^- 3Z^^PSS2SSSSsgäasagj^aää>wJ»»i» '   j   .-'-'„';;.^i/n mi,  



:-%- ?;. 

Hi 

•' ~4\ 
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(!3o3a) /Tf, ff%)   =%*>*/ ' 
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F^°5 ^»q.   Ci3»£a) then,__fpilaws 

'•53 
SJ- 

Iith-_the.-disiensi onless quantities 

(I3..»f) •=r* §."*.£/££ 
a,       3     T  .i 

,5) « *-        y _,  -   — is. JT f    -   { / + Q J   f .4- 

wnefce again the tipper sign goes with £=o    and. the lower with d3-fK 

\4.J-e5;,, in a 

Figure 13/1 sh^ 

Q -* ^  ; diagram« The curvös are drawn for the 

case .of :a- •*' stif fehln* •' «-«**•««.. i «  * •*._*.. _-„ _,-, ,.-.."   -^ * ^ *»-- 

If the spring is » softening'', ^  : 

(I3v3b> 3rf r.f ^ 
«•-3 

AL=^Ql_ 

y^i •we: have j instead of  (13*5) 

(l|.5a:) t±ii-m -%Jr 

rzs- %-Vt^")fer^.os';   "•..-". 
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this case»                                                                                                         „„ 
*1     -     ~   - 

^e orations, for the  ''; backbone» are -   --"  ' 
- IS    -JtJ    - •.. -                                -               - -         - -         -     . 

_-*n 

JO. 

113*41- '    -l -' 

—ja—  

JL^ 
I__L: vnaraenxng -spring'j 

r~r^n - # «- 
(softening spring): 

Th®^cMves..on tiiö right-hand sJ<ta--.A? t^twü^.,..^ • — -   —*—-   -~i   f~±-~        >wvKuuiiB'"" in, 

the familiar =." looped" feature which gives rise "to. the well- 

-^wn-—j^rpaenomBnön« that' occurs a~si" thriving" fräquen^:~ 

is varied;,.. ..._-;.•-:-.." .". .    .^.-",- 

"   - Speaking how of the harderiihg spring,, fig.  13/19, the 

•T8S53»^rMm^tiW- siÄ of^hl'^^fchÖS^ may |e divided 

into two domains  py a tft»representing "the; locus of vertical   : 

t^gnfes,,.. to, the: ^^tening;,sprin|,^gv^:^iaä'   ' 

at ;the, region on thelef^händ siäe öf the  '•bactbone^ ."igt 

— ,- ... -^--T-— - -    —>«^- t,-.»wii   Mjr     wits 

•6"< 

^   •=. /  f 3 0' 

f^JT 

The Upper sign, is for-the hardening spring and the lower for 
"t3tfe~-§of tening' spri^^-^:^^-~'*^rr'^"r r^----:; -*-•- :-~ -.i.-n— -•-.: - ..:.,   : 

"vs IUO-V!: ti,.iiid "a- general- egression for the locus curve, JUe,.- 

forVgfff^^fyy^ing force    %£•••/«• front qä.B M-:      \ 

applying sthe condition »7 
a% &/ The expression is 

5£.~ 
:.l 

_«*•. -JE£r 3rtas*£W«<*$we«3Ä. T rT"n^^5HtStVHi^JWMu>!Maim«; 
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F- denotes the derivative 

It is important to note that.« no master what the function  ^ 

for  the   ac^e^jhojPing jPorce  IBigtifc be I and  thayefQTA  mhaiflyar   ftinctinn 

enters into-eq.^(l3.1:)j, the domain^ where the sequence of response 

jpwr—IJ-—; 

cyrves with increasing values of is such that <? "increases 

for a fixed value of ty_     (so-called " natural "behavior'") contains 

representative points of stable motion(regiohs 1^ XIIj, The domain 

where the ..sequence vof- response -_eu£yes_^±;rti incr easing. ^aluea1 of 

A       is such that Q~    decreases for a fixed valu©_ of J%   ;(so- - 

called '*'* Un^natural behavior") eö^^^ 

unstable motions (regionII). 

JEhe foregoing ?l qriteripn"-fGr sta'Dilitylffill- be pr<; 

fwr" 

w'A 
Et.:'.' i 

and—thoroughly-  discus-äed^—in Past Ill^af :t&is:j^pQ!^i'-- -•- -__- -_-~ 

.._.„.    Store it is. sufficient..to ,npt,€i that $&e curves; d§g;crihed by. 

x 

3Js3 

unsta 
.,     <X ..._-..,  

domains, 

l*t>    Damped systems 1. Response Gurves 

teendamping force s; are present jwe must consider the: ftinctiqij....,,. 
»--- /2 f n as well as ands therefore, we are re;qüirecL 

to-employ the- equation (12*12)' or Cl2ol3>« 

For linear dam^^^fx^rces,, _ _j  '.".,., 

Kl)" 

.._.,^^__„E 

.=- <*»:_. 
IKS 

B&&£lfBBsatsa!ßtsmBBin'ft ikjB .WKJ»»»«« 



MP& £•Uses"'?!'«- .fäfjS  />-K-"-«+ 

Tue formula© (12,13} thus become 

—A^^w. s-na'*l*fi#mscat•~*it**i* 

•tW/~ sxmp^f' reduce! to 
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kOirl^ 
. i 4    . Ä 
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^J 
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2, .5' 

££> 
2. 

. -The fl>s*d? these stations dete^aes täie ampMtudei'  , 

*~"5B'*-'':«~-e,-.vs w*  wio *-eB«j.Tcing motion« 
ft© now solve Ok.3a) fop    y%  \~ -     - 

- r    - 7 * -if/- f^j  -*• w^r — #07 fr(Qy~gr 

that the curves do not lie at equal horizontal dlstah^^öm. the 

- r  r ,-v-, «.** w Aie? nowever. at equal horl- 

is given hy the relation -. \     . -  '-" 

t &- 

fcSEL-'«- 
As other examples j we -see that ^OT 

,ioink id^ügarag: force 
ff systeö, having a 

JÖSIL-L-'Y-,.- 
~Vk-fc»?'»0-T,^,. 

'0 " a - 
_- *JU£--.- 

•r_ei&>y -*ypn' 1* 
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tue function   6(^t0)   becomes. 

ahM.) / ".GfJV.ä) =r~- ~|-     j 
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S3 
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and" for ä system having a damping, force proportional to the 

square of the velocity 

1"SJ£15^ 
- - ./. a 
-QXGL-. i~^%h¥%) jl 

;
ime" JTimcxxoh ^r  oecomas 

^fcjaA_^iJfi/*&J«2 ,. 
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We «af. now generalize *hese results somewhat. For •SL"4 

'•£3 
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sr 
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„ as 

3.5 

I #P> •* -**• 0 r ( n   even) 

we. find" 
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III- 
—iff'T9-   - -ri-Si^-"^ -IB*«!— 1: 

• -täS«;; ^^M^Mi?^^ 

She expression within the "braces is denoted by  fH) in C_5-.^6); 
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2fl;t. , ^^L_^iÄ_i^ii__ 
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It isworthwhile noting that this res-alt agrees, exactly with 

that found by..is« S* «faccbseti -/.. Use was mate,then of the concept 

of ah equivalent linear damping force,"where the hon-linear and. 

the, equivalent linear damping, forces were to dissipate the same 

amount of energy per cycle. The Averaging Method and the method 

of Jacobsen both lead to the same results which means that the" 

i« underlying assumptions amount to- the same thing». 

Let us again study our t! model" case9 whicn is serined oy 

^ 

ans«hich ineMe s now a -aamping, -cerm 

£igur#: 3&/1 shows the fÄadXy of respöaae_ curves^föi this system 

when* JD  '^ 0,1 andT"  X~   Is the parameter-^-Itr fs ?seeh that the 

amplitudes ase now finite, because of the dampingf i.e.. the re= 

„ .spouse/curves.. aref ggh^^^s^ajia^^x^^o^^^o^^h^^^" backbone -,8V 

fhis crossing,. or- limiting gt amplitude\, would ©ecus» regardless 
.' -^-ü/i^OifcAi;  

©f Äst. the .dampings function:._ |iflrMy M|i JIMS_ isL<91iS3t*y~'?»f Q 

£rom eq^*"'"(|:^l!3a)^""''f-""'"""' '/..-".""""""V ""'--/""--""-""-" '"'/v "•"""      _      " 

-.-:-1^-. lh@ point a^^hich a. response curve crosses -the  "*bs^kbpne 

curve is termed the  " resonance point'5, and it readily follows 

that by introducing the  Condition for resonance     [ i«e?  free, 

' ulüäeji^d vibrationsiFi^Q) -J*j    ihw eq.«  (12« 13a) we" obtain 

iAJn J,L^. -Z. JIQJStfjiLäÄL'^JJL 

•y \     •••• - ' -' •---.-"-  •.-     -----;•_-. 
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For linear-"dampingi"^'•^^71~'^^o0Oi1o&Qai^^^^j^i^^ 

This equation:, which is the locus of crossing points,  describes 

^family .of^ypV^oIa-IiS" curves in ther respc^^aiagram mV/:    -   - 

.4, ~as ä parameter«"   In- the most general ease'   ( i0e. with 

damping forces such as to give UW.*jf this lGcus'.heeome«.,  from        '      . 

eqs,(12.12),   (13.2), and  (iH-<4b),; 

k .    -      - 
frUf 

* 
•8- s a  :* « - — 

lOCUS   0T   Grossing   poixiua   uw  uwvtiu«»»'"'   «?"»   •"—,._--„.__-, -„   

the restoring force» however,  the  "backbone«'curve does, and      :r 

therefore,, affects -the7 location of the crossing pointer ilsdf" 

- *x^-.^ii- i~~ .»A«..#iiAin,'-a«    ^iQ_i^S^hflt^a^the "erasing po'fntlf :"T^ J. U     Blair -»ao     DCCii- i* vm    >J%15»      -> —r** „——.— ».. .       -_  ..._ .     -_ — -,-r --_- _• - _      .   .     ~ 

'(where • ß(Q).-= -V-      ) the phase^ängle always- has;;the^alue"• £'-f *J 

§§__      _"."_" An observation of a practical nature m#M "madei at ;this »• 

1 time.    Equations   (12*13) for the general case" are often rather   ,. 

|- tedious to compute^ however,  if one Computes the response     ------ 

J "... curves for the undamped .system from (l3oiJ, which is either 

(pimple.,  and then finds the crossing point as described above;    _ 

'"'* .sufficient' infosmaäoh^iirtiii^e '^nmU'W^mm^^^-ä 

Wim _*• great deal of ^^^f^^^^^f^ ^Jystem«, ^ 
f|  * : Only rarely^ will"it"be"'fS'nsce^y.^ ^^e ®^»^^ 

••"& i 
'  E 

iissm, 
stJSBätsa  
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Figo "l^/ä shows *t„lie r^sp'öiiag" cii&ves for our.V model" case" 

but with ,s softening" spring« Jfote that the-hyperbpla-like  

curve which describe« the resonance points may intersect the 

••' backbone" curve in two places *•  this leads to the double set 

- u 

'V 

••:,§ 

öf"r~esip:onso"iCurves which are shown-in_"the" figure .7 "Fig*" 1^/3 "' 

gives an enlarged view of this, interesting, region. t|L.örder 

$o show some of the details, more clearly0-  . '.' "        ..-.'.- 

We see that again in all the figure« referring to damped 

£«w.*^ ^•jyivnet    tttTr* KTrttiÄ- -W*»-/»* ~i»-.i     -~>p     IV" ~.'Q -HSTä ^^ll'^-rs.-V^^ff—r-:VrriQ--h^-jiar^HH1', 

-51 •' - • .     _. - - 

J     quence  of the response—curves with increasing-valuea>-of the 

parameter   A .. (see^ section 13 for. the undamped system)«    Again .«Uy 

wiS.Do  rcgiwiio"eiTe  sspax-cvveu by iihö  lud of"'vertical"^angehoS"»"" 

— TBI^    *   J*J -^ Jt^l 

iÜ 

v»e: Aii?ti  vae equation or me  locus or vertical tangents;    -j 

-t~frar~simplicity we  consider only linear damping) in the followi? 

manner§ The equation of the family of response curves is  [from 

eosg ,(12« 131_and :C1?+ «2J)X,1 ~_m 
. ^ — 

SSE".';--"«"" '  "--"_ "'     -A.«",ü"'^V -"-""   ' ". ". ' ' -.r •' :: ".-/      ' - i'"?      "_'--'.* T- "j - ,>  -',*"""   r ~v „ • -if- ,X • 

0 

Ä9yri^ 
Ml. 

liT I            "             -Ä.iiuj.jr"j.i*g-vjü- oxxxs  «Quai.2fc.oii   mi«  yuiiu.-i.bxcn       n~ - O     we   lina   v-iay 
-. ,* p -"_...'."-." - . "  ?•   - ... v.,..".*?        ".-.-..  
s^|_; .  :   .       ,v   "eliminating, the ^rameJerT'\ 4-p   ) >:;\ 

?.-\ 

•Bx. E-^*~- ^c.^. ,-* --- 

^•jt-W^^W-rrJ *4iff -.# 
• i-—ü-•-JiL"to; 

»a 
Jiii>iUJ'--.jv^    .*—-.    -"•*-  • .   -• |JStf'' *"-^S,,-i•"       5 -    "    "      t *   1     v. -"' -'*—*" ^ '  '"   ,~"Ti'*C**-** —w~"-;nMi—^"~ "y ^———T^ -r——-f—^ y    .-  -      .-j^-   ^e .  ; T -  •,$-''   ö—  T       "   ~.     ~ .L_'       *.','.'     'v     ' — ~^/*   ~^i-^- 

——i- _,      ...   •'  -i'n      ...      "im, 1 MI • 1 «in "1     ."mriu—r•rt—     *i'.ir" ;     1 "" .""•*    'V•    .   , .,,,, .**_—,•.- 
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^^i^^'*fflt<Mrtj..a*'ifriii IMTW jnryiMiyi«lp-.w gy    wmijjiwuiil«jflBBBä«^ tri^S*!^ 

;ü;j> 

ä*'-;-i' 

-3*4' 

a§ the equation öf-the locus. ."-.-„.: 

One easily recognizes that if D^O.eq.ö „ (1^.10) reduces to 
- -,  -_'_---. --.   i     . 

the two equations 
>        - i 

'*•$/ 

which a§re,e;   with the- resultcro^.secti^n 13c. 

For our__» model" case,,eg.   (I1*,10") becomes 

3T 
v*^.HJ»/ y/ *»-ts* — f   lit +• #<?  —" f- f   +-• 4'L/f     =   £/ 

Fig* 3L^yl; shpws „ the response, curves, and the locus of vertical 

^  ,—, 
tangents 9tM-.i0a) for "^ =? 0.1 ""*"     -:"-" •"• "7"--: .:rr ' :.: V  -7- 

^ ifoWj imagine similar graphs to be drawn for other values of 

_J3_ . I then imagine'that aii cf r^e loci of vertical tangents are 

T^ve V'nei^^ , j),'._ asT theLj)araaeMr. .This 

family of curves als© has alocus "of" vertical, tangents 5. the ,@-quar 

tion is found by eliminating  £>  from eq. (1&.10) and the aqua- 
&&*. 

E .';}?•" XT? 

fcjit; „SA 

•Eion-föCs^«,    The*'rö:sult is 

-*- .< 

!- -    OÜ 

«aSe»Ä*^S!SsäSfe -sä*BJ»-fP-=...i» 
:,: ^-i-iw,.-' 

~ywg^ ^^-, F*«<„ ;*Z32Z2^1MK V* ^^^S^a 



IF7"*^ 

t or . the«general case,   and' 

(l*f9lM) ?*_F '*.+ #*" 

fop the ~"~model'1 ease 0    -.     - _- 

Figo X^/5 shows, .a.f&milv -©£ response ,e#?|s"M 8; fixed 

valusrof li- {^T-a^)^ D~ feeing.the paEameter< mis set 

of curves contains all of the features of the previous family9 

and we could discuss them in ä sTniüäx mafiner« uowevor, wo 

shall not d© so heres •- >•• ••^:—^--— -- ------ -—----—-—- ; 
^IjjJIS*^^^- 

Jit ;sej3msT^I?tBwhiie $Q?lai: emphasis 9_älgi% gä-^the fact; 

:';'& 

all J^öfimatibn^Tifithin•7Bülä"ijnflL?s "or accuracy: Gx-^&^v"r^«ir 

"Method^ regisrfe 

freedom system having the equation of motion (12.1)9. or  (12ao), 

is contained in the equatiohs  (12*12) or  (12.131. ~   , 



vibrations in either conservative or dissipative systems and 

have attempted to approximate them "by a harmonic motion« 

Systems which allow self^sustained vibrations are of such- 

n a 
iL a. pi 

nature that for small oscillations there is an energy input-: 

(frum s:ome^ sourge-} and for large oscillations ^ne^gy is eon* 

sumeda It;is well ifcnown that;r. = in sys teas of this type, periodic 

motions are po ss i Die me  so-called "limit- cycles *v me ais^- 

" ••-. "JBl 

1Mb— «ssii 

IIP?5?! mm 
P 

placement-time: curves are more or lers harmGnicf .lependihgs of 

course,, upon the values of certain parameters In the differential 

equations„ We shall show here_that, the Averaging Method again 

allows;- us • to-'oht'Si^ s.— s^TOro2=i~&ts-solution for-the steady state 

4m@MonieL 

j^ &ss;an. exampie.9 let us study the '• van der Pol equationn 

tidl-Ä^ 

Here     ^      denotes a. dimehslohless quantity5  and-   ;K"    and   % 

are constants_ whose, dimensions are ^reciprocals of time. JJjfe 

as'sume •"".       '_•"'"   '"."- -   -     ._'/. '•    ""   . -:-y y's     ~-~ :,-•"' - 

a£ 

a) s. :d?:COS/> r-£) . .. -9.. .   r.'=-:&>4; 

SHIP'S 
»«»ss^waH^ffl^J.ÄSlS^SÄ 7pKS5ggnK5^'t,W^*i^»feS^^B,m *ä^"W^»» =«-e*»r*Bi«SS»JS«S!glK{<K»?» *Bm*-E. 

' ^ff^MgHliMIMjf jlw w^j^.y j^'^f 



'-ggamg'Jtiil U!»t'!a«Mg»igS,',JiigJ 

,^.~—"••"• *~"       -_.-_—.«= 
—r '-'U-^SSi-j jStÄK JV.j^'B^WiSÄ^^-ii. 

_    —        ^                     __.__._               -.."_| ' 
:—T - •""'                             .-.-.T.jT.,, '   ---    -   | 

.•    " T;    :;   ".\>---.""-'| 

S;; Ei^"ifflÄ'öd. then ^^rä^»^ 

("     f ßM skt 

}u>s...r <& - o 

dt = <9 

,   ,Aftir ^trod^ms  (l^LÄ.(feil^ pertÄMg * 

integrations. (15.3) t?s get       / : 

rf- —»'  = -£- 

I 

fg- f)jfl +&(g^$-*fr? L^J 

Lj-i^gyk i _•- ^4rr*y^j^y^ 
 , &. 

whöre 
. :„ xiie;ö<=»;~: JM» *»;~ ~M» 

.<*^«.«»'*« J^Arjkxkja^,£i3iGL « 

then eq?aivalent to 

14.111—tDjj. - 

•  -~—,-.—.„^..-.^—^.>^'*.ä_Aw-^hiafl^iLLtz. -mathst«! has 
«o that the solution wnicn is pu'^» ^ —-_- - 

fe-';i" 

ob-"'-   0l   * 

the" fbfiä 

,_ ir-L- •*.- 

&A-£J&SJJ&_ ZJst^i i 

Hasp»-'. •= -UägSs 

*•    • • '*• a.. 

fct#/~    #ii 

»! r ii»» r4i.^r-i^S»:^»»(>i"-i \rs~trzL 
«»••«.I^.J« •••*»« jtr'KjBgi* 



^£z>v.^^r 

V-Ö3 

j •'- "      —C-An 

with ;C ;being arbitrary. It is ^c^t^^npt-l^^^ai-^g-y^^t'" 

cpincides with, that which is obtained ai"-fi^>lrst"äp|)rpxiTttaT;iön 

from the föyloff-Bogoiiuboff procedure„     ...-'',' .-  ' 

The "differential eaUatioh~(l5.i)  is known to"have solutions 

wnxcn approacri fl^rffl@aic unes as      v       DCüGIUCO  ^1«»^.^.^^^ ***4~ '»;-— —- 

becoma definitely non-harmonic for large? values of   h    ("relax 

A-ti<m»"'QS"Qil3Atl^>-.-"JCn--W;-fl?räe.j  theJäitz method^ gives the 

;. best, approximation Jin the... senaa de-scrih§d^earlier} which is    •_"_ 

possible under the assumption |if;.2)»    ..    " „-.,.__...-,. 

". 1   .A  se^ondlexaSsiel-fof a"siif^ffüstail^diMbrWtiQhjiB"^des- 

cribed by the following differential equation (so-eäilöd 
:» Räyleigh's equation" 3 

•CIS.?) m% 
Here the .same procedure, as de scribed atyeve^_lea-ds to* the steady 

state soiucion 

U$v8> 
a. 

*«a. ß**zn 
••€&£.(Xt  --'•£;)• 

again in agreement witi>cthe„.result by ths^^off^Bögptoboff 

Ki;;': X^Vr^nMiMl^^eniagkV 

<s% 
The  systems, treated, ih.this Part II of; the report do not 

mzim AwVioii-e-t the Bössibilitie« T-hey are intended tö be looked upon 

merely as examples. The number of such examples can be increased 

i..f*5^ii.a 

.CE.ääKJ/- 

K??M . iff, 

„^3]i*S5« 4Ü'i*.'f,i>,. 
!f',<sV*-**'" " 



• jumifi&t*! m>mkt 

m^53«Mnn>°>«w«>»' ^'^T^^f^^.l^r^f^T^ 

h.<£   — 
LW- 

-JKB- 

in many-ways* -^~~" - - ;;"-- - '••"'•'-• " -. -V.-r---,- -  • -   - ' ;_ - 

äere onä-term apprpxlma^iGiis (in the sense described in " _ ._ 

section 1) were treated. Signer order approximations generally 

lead to a set of two or more {coupled) algebraic equations for_ 

the two G~-acr- coefficientswhich are to he determined^ ..IL_. 

non-linear expressions are present in the differential equation 

*i«n -algehraic^quations are alsp^non-linear» one realize^ ; 

at. once t^a^me^c^plexte of^the P^^mJ^e^a5^_r^?d:l3r^. 

the number of terms in ^e assumed form of the solution (1*2) • 

•increas^y ^owever> the difficulties are of ^purely" alge;^ 

IS 

biiiS^turer^" «the drif^re^tiate^ation^  , 

having b^ee^ gerf^^ 

more than one.degree of freedom, ^ere^^^^or^of o^er 

methods,Jeoomg extremely complicated,  or fail alt§etaeT^    There 

-.^~*«*«~ A-ff FiÄTiittes are of purely älgeferaic. ch«A acter. 

nme. evidence presented so far,  it is hoped; will be jsuffi-   " 

cienb to support the .statement that the Averaging Method presents" 

an excellent tool for treating a large variety hf vibration 

^rohlems described by non*linear differential, eolations. • 

däSSL 

B^fo7 "IS? 

Z-s-EJE: L.<Aia&1-.^. "- 

rf-i.fltwsws^-«' 

"^i. jriraiMHasraKiraw*»wrw^"«^f»^^ *1»«S ' ' "f*.4:   iS^A. -•""*> "r   *?v~s*" '«•*: 



A-'.. ',...   «IK«, 



» 
2. 

0 x,yvww      —*v--- 

.  IS; 
_£T 

n 

?J?! lift OX.    Effil     Sl&     t 

r.    '""" -  
10•• 9^3 59 ö s 9^28 5 o. .üüu-rf j ^ .w-«w - - J/ *L-. ... 

,75l   ,. 1, cv_- ._ «^o< ö,Qoiö7]-Oe5?8o3a ö.77tejQ^§29; 
^oo^^^ ,,...;;::• 

1    «^v «=? « Q/caÄ.»? A fun-»'*!'* 7,0399 0,^9638 O;O07&1 
W>Wr ;@0öU^yiU:,.ööTf/   -«-s^—-r--"._=-"-  ?   —_-.. ... _:"_.—.-:--.^.-.—^sr^.-: 

3,5o. 

_:U: 

1.28113 I92.ö028 OoOvuüviQ.«*.-.        ...      . iö.59&.9M« •äj 

.•ooi i^stÄ ^ojfe* Miöij; W^l^f1 
. ».- £-LJL-—v -^.-:-;.'t_-..;. 

50ooii,;32i2iiÄ^ > 
n-Wi-OO 0;0oov7io,io285 O.^W ÖcOö? 

6       ^ Ä>"*sa$: 

g^3a5|p-v:-- —"rrr'" 

_>_.ä~ 

ÖL 
iS». ¥l ^=mX!?aa^^--l*«llL<lW»»1;- '."•jgW'-P 



•a^ro^HBC*Sar*teM*n*»*c*ft gnsjilSg 

ent-TIiae Claries för BilSnöar ;ems 

a 

L -,\ 

Pk~ 

:t •li'm* Hmmia l^^^^|^^^T^J^M^•W^ 





^3- •iß' 
- il' 

J6 

L-L— 

ti 

a - 
m 

I 
g ! 

s 

S'L-4    ' 's 
B.~?* --»S3 

•"l?'^^• *?'"'" w *-»'..-'.  •', -v~ -"•' " 7 r> , ~—- .!*••''.=.. •»^ü*— 
,..._ 

'   - - - "• —. —       . . 

-.    .__._«. _ _____   -» .    ,-_-_— . •_ -•  -   ;    -- 
= 

f-—~-r ,----.    ~ .:                 -.    -.--. 

V=»^ * ^ •*-- -r'rwi irtWnwTiinf'ii t      -^.^f.tf^^a^S^^^^K^ 

HU^ i   "11 ••im i^nn •"•iiMiwiiTr—nrj — •t**7".^*rrrTT°^ 





iimi i»<kattt 

Fig«» Öigpläeement-fime Curves for Diliiieär Systems 

•iiwji'iv,^r'±i'x>?'5~~'>!m'^z'zzr- 
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